M. M. M. Farahani

Estimation of fecundability in Homogeneous-
Heter ogeneous Population

Introduction

Inthe past, several probability models have been presented to study the mean
vaue of fecundability—Gini (1924) defined the monthly probability of con-
ception in the absence of contraception, outside the gestation time and the un-
susceptible period following the termination of apregnancy.
With Gini's definition, if al women have the identical constant monthly
fecundability p (a homogeneous population) then the probability of first concep-
tion occurring a month x is :

gx) = prlX = x) = p(1 — p)** )
x=12,...

Later on Potter and Parker (1964) have presented a heterogeneous population

and they suggested the type | geometric distribution asa useful model with the
following assumptions :

(i) Each couple has the same constant fecundability p until pregnancy.
(if) Fecundability is constant for a given woman but it is distributed between

them with a Pearson type | curve, i.e. a Beta distribution of parameters
aand B.

(iii) The number of couples is large and conception is a random event. In
this case if we assume the fecundability of women is constant valuep
during the period of observation then X (the random month of concep-
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tion has the conditional geometric distribution.

glx; p) = pr{X = x| p} = p(l — p)=* (2)
X L, 2,..

and if p varies between women with Beta density function

£U0) = gy P =P )

where 0 < p < 1 and «, B > 0 then the uncond:tlonal distribution will be as
follows :

gx) = priX = x} = B(m B) J p* (1 —p)*te=dp 4
o
_ RB(B - Gix—2
__(a‘+p")(°°+5—5-1). @B+ x—1) x> 2

The « and B are not directly known, but the mean and variance of the waiting
times of those becoming pregnant in terms of the same constants « and B are
known. Potter and Parker (1964) used method of moment for finding « and §°
anc} later on Majumdar and Sheps (1970) developed maximum likelihood esti-
mators that make more effective use of the data.  Also see Sheps and Menken
(1972) and Das Gupta ef al. {1974).

Several authors have derived estimators of the mean and variance of concep-
tion delay under the assumption that feeundability follows a Beta distribution,
speéia!ly in sirhu]ation, but when results are compared with those obtained
when facundability is assumed to be homogeneous and equal to estimated mean,
it can be shown that the mean delay calculated using a Beta distribution is gene-
rally longer by 2 to 4 months, and the variance is multiplied by a factor of at
feast four (Jucquard and Leridon, 1973).

The purpose of the present paper is to provide a model having a mix of both
homogeneous and heterogencous populations. As an itlustration, this model
is applied to two groups of data of the Princeton Fertility study and Hutterite
dafa.
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The Model

Let X be the random month of conception. The distribution of X is then
obtained under the following assumptions :

(1) All women have identical constant monthly fecundability .
{2) This fecundability is divided into two parts, one is constant between

women ‘g’ (homogeneous population), and the other part varying between
women ‘p’. (Heterogeneous population)

p=a-lp

(3) Fecundability is constant over time for a woman but p varies among
women with a modified Beta distribution

1 . -
flp) = B ) P 16— Pt G)

whereb=1—a,2,3>0and 0 <p <1 — @
(4) Conception is 2 random event, conditional on fecundability. With these
assumptions X huas the conditional geometric distribution

gx,p)=plX=xi{pl=@+ppd—pr* x=12,... (6§

where b — 1 — @ The p.d.f. f(p) is given by
flp)= m— P b —p)F? (T

where 0 < p< b,a, B >0and b6 = 1 —a. The mean and the variance of
pare

) = = ®

e baf _
V(P) = Oy &+ Bz 1 B+ 1) (9)

Then we find that unconditional distribution of number of menstrual intervals
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needed for the first conception is

.}

g = priX = xt = [ glx, AP dp
) ﬂb
= FE ey @ APt e =2 (0
or
glx) = aB(u,x_j—ﬂ—-l);(oﬁgaJr Lx+g—1) pe-t an
where
Ble, B) = g%):—(gg = E'flx"‘l (1 — x)B-1 gy (12)
and
I) == (z — 1) T — 1) = {: b e d. (13

In (11) if we put a =0, this will become (4) hetrogeneous population. From
{11) we have

_ o
gy =a+ i 8 (14
and
_q (x | B~ Dax + af - =)
g+ D=5 (x+8+a)(ax+ af +a—a gx)- (3)

LMaximum likelihood estimates of «, B and a. For estimation of «, § and a
maximom likelihood estimators are used for uncensored data. The Loparithm
of likelihood function (11} is

log L = Const + Z l=fx log g(x)
Xa=
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where f; is observed frequencies in month x. Let N be total women and F, is
the cumulative obscrved frequencies. Thea Scores, Rao (1952) for the M, L.
estimators of o, 8 and a are:

§ = 2logL _ N
2 e«  afte—a
)
N-F: N—F; N—F
+xz:0 ax +af L« Xt DBte _'ax+aﬁ+u—a]=0
I
_2logF _ [Q(N""‘—Fx} _ N—Fz]
Si= T4l v @ T T st E e +

t
+x§l[x TB—1 ax+ ap a—a] =0
and

!

TN F '
s ol st " SRyt p)
B da 1—a 4 ax +af +a

A o

(N—F) (x4 8—1) _

ax -+ af +-a—a 0.

X=1

Estimates of mt a and a are derived using the above formula and Newton-
Raphson iteration procedure (Pennington, 1970).

Sources of Data

The semi heterogencous model has been fitted to two distributions relating
to first conception, taken from the Princeton Fertility study and Hutterite data.
Details of the data are given in the respective papers.

Results

The shaerved and expected frequencies of conception for Hutterite data and
Princeton Fertility Study are shown in Table 1 and Table 2, respectively. The
model is found fo fit in with the observed data more closely as compared to

other models.
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TABLE 1-
1-OBSERVED AND EXPECTED FREQUENCIES OF CONCEPTION

. BY MONTH, HUTTERITE DATA
Month of Observ
served
conception Sfrequency y EIP;cred frequency 3
a=1, B=35
1 a=.1
2 12; 92.3 91.34 102.6
3 03 62.4 61.91 63.1
4 o 43.6 4337 42.0
s 7 31.3 3119 20.5
6 . 23.0 23.04 " aie
7 1_2' 17.3 17.26 16.2
8 9 3.2 13.25 124
10.2 10.31 6.7
ﬂ b 8.0 3.13 7.7
10 8 6.4 6.50 6.2
11 10 5.2 5.25 5.0
12 5 4.2 4.29 4.1
13-15 9 8.7 8.92 8.5
16-18 7 5.1 5.32 49
19-24 7 5.3 5.59 4.8
25 + 4 5.8 6.33 37
Total 342 342.0 142.00 342.0

A —Taken from Majumdar and Sheps (1570} for Type I Geometric distribution.
B —Taken from Singh and Bhaduri (1972} for continuous time.

TABLE Z—OBSERVED AND EXPECTED FREQUENCIES OF CONCEPTION BY
MONTH, PRINCETON FERTILITY STUDY

Month of Observed Expected Frequency
conception frequency A B o =1 P= 1656
a=.
1 380 357.0 328.79 380.0
2 153 173.8 176.87 166.4
3 94 100.9 107.61 93.4
4 45 65.2 71.07 59.8
56 93 78.1 86.20 72.0
79 51 60.1 66,17 56.9
10-12 46 322 34,87 1.6
13-24 68 49.4 51.15 51.9
25-48 20 23.5 21,92 216
49 3 ' ] 17.8 13.35 18.4
Total 958 958.0 958.00 9580

A —Taken from Majumdar and Sheps (1970) for type T Geosmetric distribution.
B —Taken from Singh and Bhaduri (1972) for continuous time.
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